INTRODUCTION
In this paper we shall obtain relationships connecting the first nonzero eigenvalues of Stekloff and membrane eigenvalue problems. These eigenvalues are of interest since they are the optimal constants in a priori inequalities which have applications in bounding solutions of elliptic [l] , [2] and parabolic [18] partial differential equations (see also [l l] and [12] ).
The eigenvalues of interest here are the first nonzero eigenvalues of the two membrane eigenvalue problems where D is a bounded domain of the plane with piecewise Cl boundary aD, A denotes the two-dimensional Laplacian and n denotes the outward unit normal on aD. In the table p denotes the radius of curvature on aD, r is the distance from aD to an origin chosen in D, and the value of h at a point P on aD is the distance from the origin to the line tangent to aD at P. If P = (x1 , x2) then h = x,n, + x2n2 where ni is the ith component of the unit outward normal vector on aD.
For inequalities relating the first nonzero eigenvalues of membrane and various supported and free plate eigenvalue problems see Payne [8] - [lo] . In [8] Payne also derives relationships connecting higher eigenvalues of the fixed and free membrane problems. Other inequalities for the first non- zero Stekloff and membrane eigenvalues may be found in [4] , [5] , [7] , [12] - [16] , [19] - [23] , and the papers cited in [12] .
In the next section we introduce the Rayleigh quotient characterizations of the eigenvalues and give two useful identities. The derivations of the inequalities are carried out in Section 3. Exact values of all the eigenvalues for a circle have been computed as well as the exact values of A, , pLz , and p, for rectangles of various side ratios. Then using the inequalities of Table I we have computed upper and lower bounds on f2 and q1 for these rectangles. These results are given in Section 4.
PRELIMINARIES
The first nonzero eigenvalues of the problems (l.l)-(1.5) are characterized respectively by the following Rayleigh quotients: where dx = dx, dx, , the summation convention is used so that repeated indices are to be summed from one to two, and, i denotes partial differentiation with respect to xi .
Alternative characterizations of /\I , pa , p, , (a , and ql that will be needed later are That (2.6) and (2.7) are equivalent to (2.1), (2.8) equivalent to (2.2), (2.9) equivalent to (2.3), and (2.10) equivalent to (2.4), follows by a straightforward application of Green's identity. The equivalence of (2.11) and (2.5) is a consequence of Fichera's Principle of Duality [6] . Finally, for ease of reference, we give two identities which will be used repeatedly in the following section. These are where si is the ith component of the tangent vector and a/& denotes differentiation in the tangential direction. The identity (2.12) is a consequence of the divergence theorem while (2.13) is a special case of the Rellich identity [17] .
DERIVATION OF THE INEQUALITIES
In this section we derive the relationships I-XI of Table 1 . I and II. The inequalities I and II follow easily upon combining appropriate Rayleigh quotients. Thus I is obtained immediately by combining (2.3) and (2.8) and using (2.4) .
To obtain II we note that the minimum in both (2.3) and (2.9) is obtained only for u, the eigenfunction associated with p, in (1. Inequality III now follows immediately from (3.3) and (3.2) while IV follows from II and III. V and VI. We assume that D is star-shaped with respect to a point which we take to be the origin. Let u be the eigenfunction corresponding to A1 . Then since u is zero on aD, it is an admissible function in the Rayleigh quotient so that
This inequality in (3.5) gives VI. VII. Let u be an eigenfunction of (1.3) corresponding to pa . Since u is harmonic, so are u,r and u,~ and these functions are admissible in (2.11). Therefore, Integrating by parts on the boundary yields and this inequality in (3.6) yields VIII.
IX-XI.
We now assume that D has two distinct axes of symmetry. Without loss of generality they may be assumed perpendicular, and we take them to be the x1 and x2 axes. We will say that D has bifold symmetry and call a function defined on D even-even, odd-odd, even-odd, or odd-even as u is respectively even in both x1 and xa , odd in both x1 and x, , even in x1 and odd in x2 , or odd in x1 and even in x2 . Every eigenfunction of the problems (l.l)-( 1.5) can be assumed to belong to one of these symmetry classes.
Let u be the eigenfunction associated with pa in (1.2) . From the Courant nodal line theorem ( [3] , pp. 451-54), u must be in the even-odd or odd-even symmetry class (otherwise u has an even number of nodal lines). Hence the nodal line is an axis of symmetry. Then u is admissible in (2.4) Using this inequality in (3.7) yields IX. Inequality X then follows from IX and I. Now let u be the eigenfunction corresponding to qr and assume that u does not change sign in D. For regions of bifold symmetry where this is so, u belongs to the even-even symmetry class. If we orient the coordinate axes to coincide with the axes of symmetry, then u,r and u,~ are odd across the x2 and x1 axes, respectively, and so are admissible functions in (2.3). Thus Using this in (3.8) we obtain XI. IX' and X'. The assumption that D has bifold symmetry is at times too restrictive. A less restrictive condition leading to similar inequalities is that D is star-shaped with respect to its centroid, which we take to be the origin. ThenJnxidx=0,i=1,2,sothatx i , x2 are admissible in (2.2), implying This is worse than IX by a factor of two, but holds under more general conditions. We also can obtain an inequality analogous to X by using I, i.e., P, < &max . w
NUMERICAL REXJLTS
In this section we give the values of the eigenvalues discussed above in some cases where they can be computed exactly. On a disc of radius r, all of the eigenvalues can be found by separation of variables in polar coordinates: h,r2 is the square of the first root of jO, the zero-order Bessel function, and p2r2 is the square of the first nonzero root of 1; . On a rectangle of sides a and b, the eigenvalues of the second-order problems can be found by separating variables in Cartesian coordinates. (The biharmonic operator A2 unfortunatcly does not separate in Cartesian coordinates.) The Stekloff eigenvalue p,a is 3 tc. cot(pa/6), where p is the first nonzero root of tanh p -cot 5 = 0.
These exact values may be put into our inequalities I-XI to get an idea of the order of magnitude of the error. We have used the exact values on various rectangles to give upper and lower bounds for pra and t2u3 by VII and VI and IX and I, respectively. These results are summarized in Table 2 , rounded to four decimal places. 
